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Abstract
Next generation in-flight fragment separators like the

Super-FRS are built with large apertures to accept high mo-
mentum spreads. The wide beam and momentum variation
gives rise to large aberrations from non-linear effects, if not
suppressed precisely. Models and simulations are able to
predict most effects, but to achieve the highest performance,
fine tuning of the ion optics with beams, based on measured
aberrations for the machine is needed.

While the main focal planes provide single particle track-
ing to measure the phase space, the target area instrumenta-
tion can only provide coarse information about the overall
distribution of the beam. This poses a challenge, as knowl-
edge about the polynomial order of the phase space distortion
(in terms of transfer maps) enables a much faster optimiza-
tion.

In this setting, we used a normalizing-flow-like approach,
to find an invertible symplectic kick-rotation-* map, which
transforms the measured data into an initial distribution, to
extract a possible transfer-map and determine the distortions
by order.

Integrated in the Generic Optimisation Frontend and
Framework (Geoff), the method was validated in simula-
tions and with a multiple charge state uranium beam at GSI’s
fragment separator (FRS), by fine-tuning even significantly
detuned optics.

TRANSFER MAPS
The main scope of day-to-day beam-line tuning is align-

ment and focus of beams by means of dipole and quadrupole
magnets. In case of small beam emittances and small aper-
tures, linear optics can be used to describe the transformation
of normally distributed beam, whereas the transformations
are applied to the stochastic mean and covariance of the beam
distribution. While knowledge of these stochastic momenta
is still valuable for the fragment separators, the nonlinearities
in dipoles and quadrupoles lead to their wrong characteri-
zation when linear transformations are used to describe the
system, as illustrated in Fig. 1a.

The transfer map description is a powerful tool to de-
scribe non-linear effect in accelerators, by expressing the
final particle coordinates as polynomial 𝒯 of the initial co-
ordinates. The coefficients of the polynomial, called transfer
map coefficients can give insight into the beam dynamics
and are notated in short-form as (𝑥𝑖

f |𝑥
𝑗
i ) for the first order
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(a) Linear phase space (red) from
mean and covariance
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(b) Linear (red) and quadratic
(blue) phase space from gener-
alized Irwin model.

Figure 1: Determining beam properties from a simulated
quadratic distorted phase space.

and (𝑥𝑖
f |𝑥

𝑗
i 𝑥𝑘

i ) for the second order, such that final coordinate
𝑥𝑖

f has this coefficient for the respective monomial in the
initial coordinates. In the rare case that the full phase space
coordinates before and after a section are available, this poly-
nomial can be computed by polynomial regression. More
commonly, the distribution of the phase space is available
from reconstructive methods [1], but knowledge about the
coefficients is still desirable.

Alternatively this map can be used to describe a distortion
from a desired phase space onto a measured one, to get
insight into the distortion.

A Model for Symplectic Transfer Maps

Using the theory of Irwin [2] there is a simple way to
parameterize an approximation 𝒯 to a symplectic map ℳ.
Using a series of kicks K𝑐𝑛

∶= exp(∶𝑔𝑛∶), where 𝑔𝑛 is a
polynomial in 𝑥 with coefficients 𝑐𝑛 of degree 𝑃, ∶⋅∶ describes
the Lie-operator and rotations RΔ in the x-a-plane with a
fixed angle Δ, the approximation 𝒯, called Irwin model and
defined as

𝒯 ∶= K𝑐1
∘ RΔ ∘ K𝑐2

∘ RΔ ∘ ... ∘ K𝑐𝑘
∘ R𝑘

−Δ ∘ R𝜑 ≈ ℳ

agrees up to order 𝑃 − 1 with the original map ℳ.
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Finding the Map
The goal is to find a symplectic map which transforms the

initial distribution described by a probability density 𝑝 such
that it fits to the measured data 𝑥𝑖. As the approximation is
easily invertible, by changing the signs of the coefficients
and angles and the order, it is much easier to find the most
likely inverse map which transforms the measured data onto
the distribution with a log-likelihood approach

max𝑐1,...,𝑐𝑘,𝜑 ∑
𝑖

log (𝑝(𝒯−1(𝑥𝑖))).

With the high number of measurement points 𝑥𝑖 and sim-
ple operations (polynomial evaluation, rotation, scaling),
this minimization can easily be implemented by utilizing
any modern machine learning framework and achieves suffi-
cient performance for online evaluation. In this work, the
PyTorch [3] framework and a stochastic gradient descend
was used to maximize the likelihood. The transfer map in
polynomial form was then computed by evaluating the model
symbolically with SymPy [4].

Robustness
To improve the robustness of the optimization an initial

rotation is added such that the first kick acts perpendicular to
the angle with the highest normality, selected by performing
the normality test [5] onto the measurement data projected
onto an angle. This is combined with a sequential unfreezing
of the parameters, such that the first kick, is also minimized
first. This process is portrayed in Fig. 2: The leftmost panel
shows an example phase space distribution, onto which the
kick-layers are applied. The second panel shows the distri-
bution after applying one optimized kick layer, which trans-
forms the initial distribution closer to a normal distribution.
After applying the full model, the distribution is shaped like
a normal distribution. As normal distributions are rotational
symmetric, it is impossible to detect rotation. To mitigate
this effect partially, the four linear map components were en-
coded into Courant-Snyder parameters and emittance. The
map was then rotated to be the identity matrix in first order,
such that the map is decomposed into 𝒯 = 𝒩 ∘ ℒ, where
ℒ is the linear part and 𝒩 contains only the nonlinear part.
This allows for better comparison on a by-coefficient base.

A More General Model
The required knowledge of the initial distribution can be

reduced even further by prepending an affine linear map 𝐴
to transform an ideal normal distribution, which transforms
it into an arbitrary elliptic phase space. The affine map

𝐴 ∶= 𝐵 ∘ R𝜃 ∘ 𝑆

consists of a scaling 𝑆 of the 𝑗-th coordinate by 1/𝑠𝑗, another
rotation 𝑅 with angle 𝜃 and a bias 𝐵, adding 𝑏𝑗 to each
coordinate. Then the generalized Irwin model 𝒢 is defined
as 𝒢 ∶= 𝒯 ∘ 𝐴 and the likelihood is calculated accordingly

max
𝑐1,...,𝑐𝑘,𝜑,𝜃,𝑠,𝑏

∑
𝑖

log (𝑝(𝒢−1(𝑥𝑖))) ⋅ ∏
𝑗

1/ ∣𝑠𝑗 ∣ .

Note that symplectic maps do not change the probability den-
sity, but an additional factor for the non-symplectic scaling
operation is required.

This allows to separate a phase space into its linear com-
ponents and the non-linear components applied afterwards,
which give a much better description of the phase space as
shown in the comparison in Fig. 1b.

APPLICATION TO FRS OPTIMIZATION
In the theory of ideal accelerators, each magnet affects

the beam only in its order: Quadrupoles (QPs) govern all
linear effects, sextupoles (SPs) the second order effects and
so on. Determining the order of the deviation allows to split
the optimization into per-order sub-problems, which are
easier to solve. This enables the next step [6] in automatic
optimization of the FRS [7].

Optimization Goal
At the dispersive focal plane of a fragment separator,

the goal is to separate fragments by horizontal (𝑥) posi-
tion, which mostly depends on the momentum spread 𝛿.
Therefore all other contributions into the 𝑥-spot size must
be small. While the magnification (𝑥|𝑥) is limited by the
geometry of the separator, the aforementioned and desired
high momentum and angle spread turn the linear (𝑥|𝑎) and
quadratic (𝑥|𝑎𝑎) dependencies of the position to the angle
into the major contributors, if they are not suppressed by
precisely by the optics. Additionally decreasing the angular
dispersion (𝑎|𝛿) to zero, allows for parallel beam through the
focal plane and a mirror symmetric layout which suppresses
some higher order aberrations [8].

Experimental Setup
A 650 MeV u−1 238U73+ beam was sent through a carbon

foil to generate fully ionized, hydrogen-like and helium-like
charge states of uranium, which enable simultaneous mea-
surements of three different magnetic rigidities. The detector
setup at fragment separators can determine single-particle
coordinates at two positions near dispersive focal plane and
thereby compute phase space coordinates for each parti-
cle. A pair of time projection chambers (TPCs) was used
at FRS. To separate the measured positions into rigidites,
the scikit-learn [9] clustering algorithm DBSCAN [10] sep-
arated the spots in the phase space, represented by the colors
in Fig. 3. The estimated ratios of the particles in each spot
were utilized to further improve the clustering by adapting
the neighborhood distance parameter dynamically.

In contrast, the high beam intensity and high radiation
environment at the FRS target during normal operation, pro-
hibits particle by particle tracking, and so only limited infor-
mation about the beam is available. To counteract this, the
proposed generalized form of the transfer map was used.

Optimization
The algorithm was integrated into Geoff [11] and the

robust and fast BOBYQA [12] algorithm was chosen as
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Figure 2: Layer-wise-optimization of the general Irwin model and its effect on a distorted distribution. The colors represent
the angle in the final distribution.
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(a) Simulated FRS phase space. Initial, after QP optimization and
after SP optimization.
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(b) Measured FRS phase space from TPCs. Initial and after QP
optimization.

Figure 3: Phase space of the primary beam and its charge
states (colors) at the dispersive focal plane.

optimizer. The verification of the method was performed in
two scenarios: The FRS was simulated in COSY Infinity [13]
and measurement data were computed. This simulation
was connected to python and integrated into Geoff. This
provided benchmarking and testing. Figure 3a shows that
even with a strongly detuned setting, QP and SP optimization
was possible. The remaining distortion is of third order
and cannot be corrected with the available magnets. The
second scenario was performed online with the real machine,
magnets and detectors. Due to the modularity of Geoff this
was possible with little changes of the code. The phase
spaces in Fig. 3b show the intentionally detuned QPs and
the focused and angular dispersion free setting, which was
restored in 30 steps, performed in less than 5 minutes, as
shown in Fig. 4.
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Figure 4: Loss function of the FRS optimization.

CONCLUSION
A new method based on symplectic theory and software

was developed, which gives insight into nonlinearities of
phase spaces. Having demonstrated its capabilities and opti-
mization potential through both simulations and real-world
machine operation, this method will be integral to the Super-
FRS operation.
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